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1 Introduction 

Let X be a projective nonsingular variety over the complex number field C. Let i/*^(X, Z(j)) 
denotes the motivic cohomology group. It is known that if^(X, Q(j)) is isomorphic to 
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Quillen's .ft'-group K2j-i{XY^\ By the theory of higher Chem classes, we have the regula- 
tor map (higher Chem class map) 

reg = reg,,. : if.V(X, Z(j)) HUX, Z(j)) 

to the Deligne-Beilinson cohomology group ([El). The purpose of this paper is to give a 
certain method for computations of the regulator map for {i, j) = (3, 2) (namely Ki) and X 
an elliptic surface. 

The cup-product pairing gives rise to a map ® Pic(X) = (g) Z(l)) — > 

H^{X,Z(2)). Its image is called the decomposable part, and the cokemel is called the 
indecomposable part. The decomposable part does not affect serious difficulty, while the 
indecomposable part plays the central role in the study of H^{X, 2,(2)). According to PGLL 
we call an element ^ G H^^(X, Z(2)) regulator indecomposable if reg(^) does not lie in the 
image of ® NS(X). Obviously regulator indecomposable elements are indecomposable, 
but the converse is not true in general. Lewis and Gordon constructed regulator indecompos- 
able elements in case X is a product of 'general' elliptic curves ( [IGLl Theorem 1). Besides 
there are a lot of other related works, though I don't catch up all of them. On the other hand, 
in case that X is defined over a number field, the question is more difficult, and as far as I 
know there are only a few of such examples (flRl §12 etc.). 

The real regulator map reg3 2 can be written in terms of harmonic (1, 1) -forms. Then 
one of the technical difficulties appears from the fact that it is not easy to describe harmonic 
forms explicitly. The key idea in this paper is to use inhomogeneous de Rham cohomology 
(||3]). This enables us to replace harmonic (1, 1) -forms with certain "algebraic" differential 
forms, so that we are free from the difficult harmonic analysis. 

This paper is organized as follows. ^|2]is a quick review of H^^(X, Q(2)) and Beilinson 
regulator. In ^|3j we prove some elementary results on inhomogeneous de Rham cohomology 
of elliptic surface. In 21 we give a method of computations of real regulator on A'l of elliptic 
surfaces. In ^|5]we give an example. In particular we construct regulator indecomposable 
elements for an elliptic surface defined over Q (Cor J5.2l ). ^is an appendix providing proofs 
of some basic facts on Gauss-Manin connection and Picard-Fuchs operator. 

Acknowledgement. A rough idea was inspired during my visit to the University of Alberta 
in September 2012, especially when I discussed the paper HCDKLH with Professor James 
Lewis. I would like to express special thanks to him. I'd also like to thank the university 
members for their hospitality. 

2 Real Regulator map on H^(X, Q(2)) 

For a regular scheme X, let Zi(X) = Z'^™"^~*(X) be the free abelian group of irreducible 
subvarieties of KruU dimension i. For an integral scheme X, we denote by rjx the field 
of rational functions on X. For schemes X and T over a base scheme S, we set X{T) = 
MoTsiT, X). and say x E X{T) a T-valued point of X.lfT = Speci?, then we also write 
X{R) = xlSpecR). 
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2.1 H^{X, Q(2)) and (in)decomposable parts 

Let X be a smooth variety over a field K. Let D C X be an irreducible divisor, and 
D D the normalization. Let j : D ^ D ^ X he the composition. Then we define 
Div£)(/) := j^,Div^(/) G Z'^{X) the push-forward of the Weil divisor on D by j. Let 

di: [/,D]^Div^(/) 

codim_D=l 

be a homomorphism where we write 

[f,D] := (■ ■ ■ , 1, /, 1, ■ ■ ■ ) e 77]^, (/ is placed in the D-component). 

codimZ)=l 

Let 



codim_D=l 



d2{f,9}= Yl 



ordo(5) 



' _T\OTdDif)ordDi9) I I n 

^ ^ oordo(/)l^'^ 

codimD=l '- 

be the tame symbol. Then it is well-known that there is the canonical isomorphism 



H.3.(X.Q(2))4 '^-'®"S^/'W' )«Q. (2.1, 
In this paper we always identify the motivic cohomology group H^^(X, Q(2)) with the group 



in the right hand side of (12.11 ). 

Let L/K he a finite extension. Write X^ := X L. Then there is the obvious map 

® Z\Xl) H'AXl, Q(2)), X®D^[X,D]. 

Let Nl/k : H^{Xl, Q{2)) -> H^^{X,Q{2)) be the norm map on motivic cohomology. 
Then we put 

[L:K]<oo 

and call it the decomposable part. We put 

H'AX, Q(2))ind := H'^iX, Q{2))/H^AX, Q(2))dcc 

and call it the indecomposable part. The indecomposable part plays the central role in the 
study of i/^(X,Q(2)). 
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2.2 Beilinson regulator on indecomposable parts 



Let X be a projective smooth variety over C. We denote by H^{X, Q) = H^{X{C),Q) 
(resp. H,{X, Q)) the Betti cohomology (resp. Betti homology). H*^ denotes the de Rham 
cohomology. 



By the theory of universal Chem class, there is the Beilinson regulator map 



reg = regQ : H'^{X, Q(2)) ^ 



iH\xMm 



HUXX) 



F' + HUX, 



(2.2) 
(2.3) 



where H^{X, Q(2)) = {Hl{X, Q(2)), F*Hj^{X/C)) denotes the Hodge structure (of weight 
-2) and Ext^HS denotes the Yoneda extension group of mixed Hodge structures. Put 

i/|(X)i„d := Hl{X, Q(1))/NS(X) ® Q, i/^R WC)ind := Hi^{X/C)/m{X) ® C. 



i/2(X)i„d := (i/|(X)ind,F*i/dRWC) 



ind J 



(2.4) 



the Hodge structure of weight 0. Then the Beilinson regulator map induces the following 
commutative diagram 







dec 



Extl 



MHS W) 







NS(X)®Q(1))) 



(2.5) 



(Q,i/2(x,Q(2))) 



ind 



Ex4Hs(Q,^'Wind®Q(l)) 











There is an elementary description of the map reg, which we recall here. Let n = dimX. 
Let ^ = ^[/i, Di] e 0?7d- Let j : Di ^ Di be the normalization. Let Z,; C Di be the 
support of Div5.(/j). Put 

Z := C 5 := JJ A, Z := |Jj(Z,) G D := |J A- 
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Consider a commutative diagram 



H^{D - Z,Z{1)) 



H2n^3{D, Z(2 - n)) H2n-3{D, Z; Z(2 - n)) ^ i/2n-4(^, Z(2 - n)) 



H2n^3{D, Z(2 - n)) H2n^3{D, Z- Z{2 - n)) ^ H^n^AiZ, Z(2 - n)) 



with exact rows. Let 



v:= (^j-^eH\D-Z,Z{l)). 



Suppose di{^) = 0. This is equivalent to saying j*5ia(z/) = 0. Therefore there is a unique 
element e i^2n-3(-D, Z(2 — n)) such that b{i'^) = j^a{u). Note that belongs to the 
Hodge (0,0)-part because so does u. Let us consider the localization exact sequence 

> H2n-2{X, D; Q{2-n)) ^ i/sn-sl^, Q(2-ri)) A H^n-siX, Q{2-n)) ■ ■ ■ . 

Since the weight of i/2n-3(^, Q(2 -n)) is -1, the Hodge (0, 0)-part ofH2n-3{D, Q(2 -n)) 
is contained in the kernel of 6. Put 

H{n, X, D) := H2n-2{X, Q(2 - n))/H2n-2{D, Q(2 - n)) ^ HI{X, Q(2))/(A) 

where {Di) denotes the subgroup generated by the cycle classes of L'j's and the isomorphism 
is the Poincare duality. Now an exact sequence 

^ H{n, X, D) ^ H2n-2{X, D; Q(2 - n)) ^ Ker(5) 

yields maps 

z/^ G HomMHs(Q, H2nMD, Q(2 - n)) ^HomMHs(Q, Ker(5)) 

—^Extl^siQ, H{n,X,D)) 

^Exti,Hs(Q,^B(^,Q(2))/(A)) 

-^Extl,Hs(Q, ^'(^)ind ® Q(l)). 

We denote the composition by p. Then the following is well-known to specialists, proven by 
using the Riemann-Roch theorem without denominators ([|Gl, see also HASH Thm. 1 1.2). 

Theorem 2.1 feg(0 = ^Pi^s.)- more down-to-earth manner, the regulator map is de- 
scribed in the following way. Letting NS"*" C -ff^^~^(X/C) be the exact annihilator of 
NS(X), there is an isomorphism 

ExtJ^Hs(Q> ^'(^)ind ® Q(l)) = Coker[i72n-2(^, Q(2 - n)) 4 Hom(F2"-3NS^, C)] 
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where 

$(A) 

Let r G H2n-i{,X, D] Q(2 — n)) be an arbitrary lifting of'j. Then we have 



UJ 1 — 









reg(0 = 


(jj 1 — 











under the above isomorphism. 

The real regulator map is the composition of reg^ and the canonical map 

Exti,Hs(Q,^'(^,Q(2))) ^ Ex4.MHs(K,i^'(X,R(2))) 
to the extension group of real mixed Hodge structures, which we denote by regjg or feg^. 
regM : H^A^, Q(2)) ^ Ex4.mhs(K, H'{X, M(2))) = M(l)) n H'^\ (2.6) 

fegK : H^{X,Q{2)) ^ Ex^.mhsI^, ^'(^)ind = (//|(X)i,d8)M) ni/^'^ (2.7) 

2.3 Q-structure on determinant of M(2)) 

Suppose that X is a projective smooth variety over Q. Write Xc := X Xq C. The infinite 
Frobenius map F^o is defined to be the anti-holomorphic map on X(C) = MorQ(SpecC, X) 
induced from the complex conjugation on SpecC. For a subring A C M, the infinite Frobe- 
nius map acts on the Deligne-Beilinson complex Ax in a canonical way, so that we have 
the involution on H^{Xc, A.[j)), which we denote by the same notation F^o- We define 

H%{X/^,A{j)) := H%{Xc,A{j)f-=^ 

the fixed part by F^o- We call it the real Deligne-Beilinson cohomology. Since the action of 
is compatible via the Beilinson regulator map, we have 

regj, : i/^(X,Q(2)) H.j :=Ext^.MHs(K, ^'(^c, ^(2)))^-=^ (2.8) 

Hl{XcMW-=^ 



Fmj^ix/i 



(2.9) 



and 



fegia : H^AX, Q(2)) ^ H^^^^^ :=Ex4.mhs(^, H\Xc)ind ® R{l)f-=' (2.10) 



Fmj^ix/^ 



(2.11) 



There are the canonical Q- structures cq and Cind.Q on the determinant vector spaces det 

and det Hcj i^^: 

M ■ Cq = det Hcj,, M ■ Cind.o = det -fTg? jnd- 
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Here we recall the definition. The isomorphisms (12.91 ) and (12.111) induce 

det = det[Hl{Xc, M(l))^°°=^] ® [det Hjj^iX (2.12) 

and 

det = det[(i7|(Xc)ind ® M)^-=i] ® [det ^^//^^(X/M)]-!. (2.13) 

The right hand sides of (12.121 ) and (12.131) have the Q-structures induced from the Q-structures 

The Q-structures cq and eind,Q are defined to be the corresponding one: 

Q ■ cq = det[i7|(Xc, Q(l))^-=^] ® [det F^Hl^{X/Q)]~\ (2.14) 
Q ■ eQ,ind = det[HUXc)f^T'] ® [det F^Hl^{X/Q)]-\ (2.15) 

2 4 p^"^""^ and p^"^'''' 
Z.4 ana e-^^^^ 

We introduce other Q-structures e^'^*^ and ef^^^^ on det and det i/gi^nd- For simplicity, 
we assume dimX = 2. Put 

i/2(Xc, Q)i„d := H2{Xc, Q)/(NS(Xc) ® Q(l)) = i/|(Xc)ind ® Q(l), 

i7dR(^/Q)ind := Coim(ff,\(X/Q) ^ i7,\(X/C)/(NS(Xc) ® C)). 

Note that Hj^{X/Q)ind ® C coincides with "if|j^(Xc/C)ind" in (Il4l) . There are exact se- 
quences 

— > H2{Xc, M)^°°=^ — y Hom(F^i7^R(X/Q), R) — > Hc^ — ^ (2.16) 

H2{Xc, M)It' — ^ Hom(FiiJdR(^/Q)ind, M) ^ if^,ind (2.17) 
under the canonical isomorphisms 

HUXcX) = Hl^{X/C), HUXc,Q{2)) = H^iXcQ). (2.18) 

Then the Q-structures 

H2{Xc,Qf-=\ H2{Xc,R)[^t\ H'dRiX/Q), Hl^{X/Q),^d, 

induce e^"''" and e^J^: 



e; 



,/a/.e ^ [detH2{Xc,Qf-'=T' ® [detF^i/dRWQ)]^', (2-19) 



■ eSo = [det ^r2(Xc, Q)^d=T' ® [det ^^//.^(X/Q)^,^]-^ (2.20) 
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Proposition 2.2 Let us put 

r := dimi/2(Xc,Q)^-=^ = dimi7|(Xc, Q(l))^-=-^ 
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s := dimi72(Xc,Q),^d=' = dimif|(Xc)^'S=-^ = r - dimNS(Xc^^-=-i 



Then 



false 



e; 



-r) ® deti/d'RWQ) ® [deti7|(Xc,Q(l))]-\ 



Q ■ <d,Q = *Q ■ ® *^(-^) ® ^dR(^/Q)ind ® [det i/^(Xc)ind]~\ 

where we mean 

deiHl^{X/q)®{deiHl{XcM'^W^ C det i72^(X/C)®[det //|(Xc, C)]^^ W C, efc. 

Proo/ Write Hb := iJ|(Xc, Q(l)), i/B,ind := HUXc)ind, F'H^n = F'Hl^{X/Q) and 
F'HdR,ind = F*if2j^(X/Q)ind simply. By the Poincare duality, 

det F^ifdR = [det H^kV ® det F'^H^^, det F^ifdR.ind = [det i/dR,ind] ® det F^/^dR- 
Moreover 

det[H2{Xc,Qf-'=^] = det[i/|(Xc,Q(2))^-=i] = det[i/^°°=-^®Q(l)] = Q(r)®det if^°°=-i 
and 

det[i72(Xc, Q)ind]''°°=' = det[H^-=-' ® Q(l)] = Q{s) ® det i^^J^r'- 
Therefore we have 

Q ■ e§'" ® e^^ = Q(-r) ® [det H^'-=-Y^ ® [det i/^°°=^]"i ® [det i/dR] 
= Q(-r) ® [detifs]"^ ® [deti/dR,] 

by (I2J41) and (1X191) . and 

Q ■ eS,Q ® erJi^Q = Q(-.) ® [det if^-^^"^]"^ ® [det H^yZY' ® [det i/dR,ind] 
= Q{-s) ® [det i/ij,ind]"^ ® [det ifdR.md] 

by (12.151) and (12.201) . This completes the proof. □ 

Remark 2.3 T/ie Poincare duality implies 

{detHsf' = HUXc,Q{2)f"' = H^^iX/Qf"' = (deti/dR)®', 

and 

{detHB,indf' = i/|(Xc,Q(2))^'"' = H^^{X/Qf^' = (det ifdR,ind)®'. 

Therefore (det H^r (8) [det /J^]"^) (det ifdR.ind ® [det i/B,md]"^) are contained in y/Q^ 
(possibly rational numbers). 
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3 Inhomogeneous de Rham cohomology 



3.1 Notations 



Let K he a field of characteristic 0. Let / : X — )■ C be an elliptic surface with a section 
e : C X. This means that X (resp. C) is a projective smooth surface (resp. curve) over 
K, and the generic fiber of / is an elliptic curve. Hereafter we assume that the j-invariant of 
/ is not constant, namely, / is not isotrivial. 

Throughout [|3]and [|4]we use the following notations. 

• D C X is the sum of the multiplicative fibers. Put Ti = f{D) C C. 

• E C X is the sum of the additive fibers. Put T2 = f{E) C C. 

• T = Ti + T2, 5 = C - T and 5 = C - T2. 

• U = X - {E + D) a.ndU = X - E. 

• Let F C S* be the locus satisfying the following. Around a neighborhood of s E S, 
f is written by a Weierstrass form y'^ = Ax^ — — {92,93 G ^s,s)- Let j = 
VJ29>gl/{gl - 27gl) be the j-invariant. Then s G F if and only if 



92 dj 



{nl := nl 



S/K) 



93 J 

is a (&s,s-bsise (cf. Prop. lO) . 

U":=U- f^\F) and S" := S - F. 

Write Xj^ = X XkK. 'Let NF{Xj^) C NS(X;^) denotes the subgroup of the Neron- 
Severi group generated by e{C) and irreducible components of Dj^ + Ej^. 

NFdR(X) = Hj^iX/K) n (NF(X^) C 

KiR = Im(r(Z7, fi?,) ^ Hl^{U/K)). 

= Im(r([/°,1]2,0 ^ Hj^iUyK)). 

U" ^U- 




Remark 3.1 The intersection pairing NF{Xj^) ® NF(X;^) ® Q ^ Q is non-degenerate. 
This is proven on a case-by-case analysis by using the classification of singular fibers (e.g. 
^IV, Thm.8.2) 

Remark 3.2 NFdR(X) Ox ^ = NF(X;^) 0^ K in Hj^{Xj^/K). This is proven by using 
l[AEC\] II Lemma 5.8.1. 
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3.2 Inhomogeneous de Rham cohomology 

We put := R^f,%/g and 

Let V : —7- (g> ^5 be the Gauss-Manin connection. We call 

the inhomogeneous de Rham cohomology of X. An exact sequence 

yields an exact sequence 

^ Hl^{S°, ) i/dR(t^7^) ^ Hl.iUVS'') Hl^iUyS") ® (3.1) 

where d : ff{S°) — t- fi^o is the differential operator given hy f ^ df (we use the same 
notation "l];^,," for r{S°, fi^o) since it will be clear from the context which is meant). Since 
the characteristic of K is 0, the kemel of (id ® rf) is a one-dimensional i^-vector space 
generated by the cycle class of the section e(C). 

Proposition 3.3 The inhomogeneous de Rham cohomology is described by the Picard-Fuchs 
operator: 

Hl^{S\ M') ^ Coker(r(5°, ^i'°) ^ r{S°, M'^^^ ® = Vpp. 

Proof. The first isomorphism follows from (|6.8] l in Appendix. Since r{S°, J^f^'^ ® fi^o) = 
r{U", nlo), the first isomorphism yields Hl^{S°, = lmr{U°, njjo) = Vpp. □ 



Proposition 3.4 Assume E ^ $ (hence S is qffine). 

(1) Let NFdB.{X)^ be the orthogonal complements o/NFdR(X) in H^j^^{X/K) with re- 
spect to the cup-product pairing. Then NFdR(X) ^ V^r. 

(2) 

^ KiR ^ ^PF — > Hf'iD/K) © Hf'{r\F)/K) 

(3) Let {e{C))K C H'^^{X/ K) denotes the sub K-module generated by the cycle class of 
e{C). Then V^p © (e(C))x 4 Hl^iU" / K). 

(4) Let {e{C),D)^ C Hl^{X^/K) denotes the sub K-module generated by the cycle 
classes ofe{C) and irreducible components of D^. Put (e(C), D)k '■= (e(C), -D)x H 
Hl^{X/K). ThenVAK © Im(e(C), 5)^ 4 Hj^{U/K) where Im(e(C), 5)/^ denotes 
the image in Hl^{U / K). 
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(5) 

^ KiR ^ Hl^{U/K) HUD/K). 

Proof. Note that ^¥ak{X)^®kK = (NF(X;^)(g)z^)^by Rem. [H and (e(C), D)k®K = 
(e(C), -D)7^ as well. Therefore we may assume K = K throughout the proof. 

We first show (3). Let us consider the spectral sequence 

Since S" is affine, = H^{U°, = R^f^nio) and this vanishes unless p<2 

and g < 1. Therefore we have 

Ef = r{U°^nU'^Ef = EZ El' = E]^, Ef = Q 
and hence an exact sequence 

^ l^PF ^ Hl^{U°/K) El^ ^ 0. 
Thus it is enough to show E^^ = {e{C))K- The exact sequence 

y f ^^^o y ^fyo ^ ^jjo I go y 

yields 

— y Vi}go — y f^Vijjo — y j\t^ijo ^ go — y ^Igo cS) j\t,ffu° — ^ f^^^lijo — y R^ fiS^\jo j go — y 0. 
By Prop. l6.3l one has 

y f\:^jjo^ R f:!^^jjo y R f\X^^OlgO' 

Hence 

E\^ = H\S",R'f,n]jo) = H\S",R^Un\jo/so) = nS", ffso) ® [e{C)l 

El^ = H'^is^.R^f^nlo) = H^s^.n^o ® R^f,n\jo/so) = r{s", n];o) ® [e(C)], 

and the map El^ — )■ Ef^ can be identified with the differential operator / t-^ df. Since the 
characteristic of K is 0, Ker{El^ Ef^) = {e{C))K. On the other hand, 

= H^{S° ,R^ f^ffuo) — y EI^ = H^{S°, R^ f^^llfo/go) 

is zero because the Hodge-de Rham spectral sequence 

-Ef = R'^ f^Vl^-^jg =^ R^'^'^ f^Qx/s 

degenerates at E'l-terms. Thus we have £'2^ = Ker(_E'J^ — Ef^) = {e{C))K- This com- 
pletes the proof of (3). 
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Next we show (4). We consider the spectral sequence 
Since S is affine, we have 

T/ _ pSO _ 7-.20 7-.11 _ 77.11 7-.02 _ n 

by the same argument as before. Hence it is enough to show is generated by the cycle 
classes of e(C) and D (as A'-module). Let j : U" ^ U he the open immersion. Consider a 
commutative diagram 



d° 



(exact) 



Let X E Kerd. Then j*{x) E Kerd". As we have seen in the proof of (3), the kernel of 
d° is generated by the cycle class [e{C)] as A'-module. Therefore x' := x — c[e{C)] for 
some c G A' is contained in Ker(j*) = Im 5. However, as is well-known, the image of 5 is 
generated by the cycle classes of the irreducible components ofU — U°. This shows that x 
is a linear combination of the cycle classes of e(C) and D. Since Kei(d) is generated by the 
cycle classes of e(C) and D as A'-module, so is E^^. 

Next we show (1) and (5). Let D = Di be the irreducible decomposition (note we 
assumed AT = AT in this proof). The composition 



{e{C),D) 



K 



hUu/k) 



dR(A 



(3.2) 



is given by intersection pairing on (e(C), D)k- Then it is not hard to show that the kernel 
of (13.21) is one dimensional generated by the cycle class of f~^{t) for t E Ti. Conversely 
f~^{t) goes to zero via the map (e(C), D)k — ^ H^niU / K). Summarizing this, we have a 
commutative diagram 



0- 



dR ■ 



HUU/K) 




(exact) 



(3.3) 



Im(e(C),D)K — e.i^dRp 



with an exact row. This shows (5) because 0. H^^{Di) = H^^{D). Let us show (1). We 
first note that the image of NFdR(X)^ via the natural map Hl^{X/K) Hl^(U /K) is 
contained in VdR. In fact, this follows from (13.31) and the fact that the composition 



NFdR(X)^ Hl^{X/K) Hl^{U/K) ^ 0i/dR(A 
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is zero. Now we have a commutative diagram 



^dR Hl^iU/K) — 0, Hj^{D,) (3.4) 

a b 

NFdR(X)^ Hl^{X/K) NFdR(X) 

with exact rows. Since X — U = E are additive fibers, a is surjective. Therefore it is 
enough to show that Ker(a) — )• Ker(6) is bijective. Ker(a) is the sub Ji -module generated 
by the irreducible components of E. This implies NFdR(X)-'- fl Ker(a) = and hence 
Ker (a) — )■ Ker(6) is injective. On the other hand, since Ker (6) is generated by the irreducible 
components of E, Ker (a) — )■ Ker (6) is surjective. This completes the proof of (1). 

Finally we prove (2). Let us consider a commutative diagram 

— V^PF — m^iUyK) ^ {eiC))K 

a b 

FdR Hl^{U/K) Im(e(C), 5)k 

with exact rows. Ker(a) is the sub A'-module generated by the irreducible components of D. 
Therefore Ker(a) — )■ Ker(6) is surjective. Moreover VdR H Ker(a) = because Ker(a) has 
an injection into (BiHl^(Di). Therefore Ker (a) — Ker (6) is injective and hence bijective. 
Clearly the map b is surjective. Since Coker(a) = Hf^{D/K) © Hf^{f~\F)/K), (2) 
follows. □ 

The following is straightforward from Prop. 13.41 

Proposition 3.5 Suppose K = C. Let NFb(X) C Hl{X,Q) = Hl{X{C),Q) be the im- 
age o/NF(X)(8)Q andl>iY b{X)^ its orthogonal complement with respect to the cup-product 
pairing. Let F'V^y denotes the Hodge filtration as in Thm \6.6\ and -F'VdR the induced filtra- 
tion via Prop \3.4\ (21 Then there is the natural comparison isomorphism NFb(X)-'- ® C = 
VdR and NF(X)^ := (NFb(X)^, E'V^r) forms the sub Hodge structure ofH^{X, Q) : = 
{HUXiC),Q),F'Hl^iX/C)). 

4 Explicit computations of regulator on Ki of elliptic sur- 
faces 

We keep the notations in ^3.11 We assume K = C and E ^ $ (cf. Prop. 13.41) in this section. 
H,{X, Q) = H,{X{C), Q) denotes the Betti homology. 

4.1 1 -Extension of MHS's arising from a multiplicative fiber 

For each 7 G Hi{D,Q), there is a corresponding element e H^{X,Q{2)) which is 
unique up to the decomposable part. It is given in the following way. Let = XlILi ~ 
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/ ^(-Pfc) be a multiplicative fiber over a point E C and Qi the intersection points. There 
are rational functions fi on D^*^ such that Div^(i) (/j) = Qi+i — Qi. Then we put 

n 

^n, :=5^[/.,Z?«]G//.^(X,Q(2)). 

i=l 

If 7 = (mi, ■ ■ ■ , m,) G Z) = 0^, Hi{Dk, Z) = Z®^' then we put := mi^Di + 

■ ■ ■ + ms$,Ds- This depends on the choice of /j's, though the ambiguity is killed by the 
decomposable part. 




Let us recall the regulator reg(,^^) from ^2.2[ Let 

NF^(X) := lm{H2{D, Q) © H2{E, Q) © H2{e{C), Q) — 
The exact sequence 

H2{X, Q)/H2{D, Q) H2{X, D, Q) H^{D, 

of mixed Hodge structures gives rise to a map 



Ext\Q,H2{X,Q)/H2{D 
Exti(Q,iJ2(X,Q)/NF^(X)) 
Exti(Q,NF(X)^ © 



(4.1) 



where NF(X)-'- C H'^{X,Q) is the Hodge structure as in Prop B. 5 1 Then we have from 
ThmlTI 

legiQ = ±p(7). (4.2) 

In this section, we shall use a slightly different 1 -extension of mixed Hodge structures from 
(lO). 
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Lemma 4.1 H2{U,D;Q) Hi{D, Q) is surjective. 



Proof. The assertion is equivalent to saying that H^{U, D;Q) — )• H^{U, Q) is surjective. 
Since the functional j-invariant of U/S is not constant (by the assumption), one has 

r{s,R'm) = H\f-\t),Qr^''''^ = 

and hence H^{U, Q) = H^{S, Q). This and a commutative diagram 

= HliU, Q) H\U, Q) ^H\U,Q) Hl{U, Q) = H^iD, Q) 



= H^^ {S, Q) H\S, Q) H\S, Q) {S, Q) ^ Ho{T,, 



yield 



H\S,Q)^H\U,Q). (4.3) 

Therefore, to show the surjectivity of H^{U, D; Q) — )■ H^{U, Q) it is enough to show that 
H^(S, Ti; Q) ^ H^(S, Q) is surjective. However it is clear because H^{Ti,Q) = 0. □ 



Using the isomorphisms 

H2(U, Q)/H2{D) ^ H2{X, Q)/NF^(X) ^ NF(X)^ ® Q(2) 
we have a commutative diagram 

H2{X, Q)/H2iD, Q) H2{X, D; Q) H,{D, Q) 



(4.4) 



sur). 



□ surj. 



H2{X, Q)/NF^(X) H2iX, D; > 



H2{U, Q)/H2{D) H2{U, D- > 







Let 



$ : H2{U, T) — \ Hom(i7^R(f//C), C), A i — > 



A . 



be the period map. It follows from Prop J3.4l that $ induces the following commutative dia- 
gram. 

H2{U, C) ^ Hom(i72^(f7/C), C) (4.5) 



H2iU, C)/H2{D) ^ Hom(KiR, C) 
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Hence we have 



Ext^(Q, NF(X)^ ® Q(2)) = Coker [$ : H2{U, Q) ^ Hom(FVdR, C)] 
(cf. (12.161) . (12.171) ). Under this identification, we have 

G Hom(F^1/dR, C)/Im$ 





UJ 1 — 











(4.6) 



(4.7) 



for r G i/2(f/, D, Q) satisfying 7 = d(T). 



4.2 E([/,L»;Z) andE([/,Z) 

Take a path 7 : [0, 1] S{C), t ^ 7i such that -ft G S{C) for t 7^ 0, 1. Take a cycle 
£ G ifi(/~^(7to), Z) for some (fixed) to ^ [Oj Then it extends to a flat section G 
Hi{f~^{'yt), ^) over t G [0, 1] in a unique way. We denote by r(£:, 7) the fibration over the 
path 7 whose fiber is St- 



St 




It 7 
Then 



r(£,7)ei/2(f/,r'(7o)uri(7i);Z), 

with 9(r(£,7)) = £1 - £0 G H,{f-\jo) U /-'(7i),Z)- 

Define E([/, £); Z) C H2{U, D; Z) the subgroup generated by r(£:, 7)'s where 7 and e run 
over as above such that 70, 71 G Ti = 5 — 5. Define E(f/, Z) by an exact sequence 

— > E(Z7, Z) — > E(U, D; Z) — > Hi{D, Z). 



Proposition 4.2 

E("f7,Z};Q) Ai/2(f7,/^;Q), (4.8) 
E(Z7, Q) ^ iJ2(f7, Q)/H2{D, Q) = NFb(X)^ ® Q (4.9) 
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where E{U, D; Q) := E{U, D-Z)®Q etc. Hence we have 



E(f/; Q) ^ E(f/, D- Q) ^ H,{D, Q) ^ 

H,(U, Q)/H2iD, Q) ^ H^iU, D; Q) ^ H,{D, Q) ^ 0. 

Lemma 4.3 The sequence 

H2{U, Q) H2{U, D- Q) ^ ifi(I), Q) ^ (4.10) 

is exact. 

Proof. We already showed the surjectivity of the right arrow (Lem. 14.11) . It is enough to show 

\m{H2{U,Q) ^ H^iU^D-q)) = '^r^{H2{U,Q) ^ H,XU,D-Q)). (4.11) 
Consider a diagram 

a 

H2iU, Q) H^iU, Q) H\D, Q) H,{U, Q) H,{U, Q) 

H2{U,D;Q) 

with exact row and column. Hence it is enough to show Im(6a) = Im(6) or equivalently 
dimCoker(6a) = dim Coker(6)(= dimKer(c)). Since ba is given by the intersection pair- 
ing, a direct calculation shows that dim Coker(6a) = dim Hq{Ti). On the other hand, 

Ker(i7i([/,Q) 4 i/i(f7,Q)) = Ker(/7i(5,Q) ^ H^{S,q)) ^ H^{T^) 

(cf. (14.31) ). and hence the assertion follows. □ 

Proof of Prop H. 21 Let ^ be the local system on S'(C) whose fiber is Hi(f^^{t), Q). Then 
the image of H2{U, Q) in H2(U, D; Q) coincides with that of Hi{S, =Sf). The homology 
group Hi{S, ^) is generated by T{e, 7)'s such that 70 = 71 G S* and Eq = £1. Take a path 
6 such that 60 e Ti = S — S and 5i = 70 = 7i. Put 7 = 5 ■ 7 ■ Then the image of 
r(e, 7) in H2{U, D; Q) coincides with r(e, 7), and this is an element of E(t/, D; Q). There 
remains to show the surjectivity of E(f/, D;Q) Hi{D, Q) (this gives an alternative proof 
of Lem l4.1l) . To do this, it is enough to show that for each p G Ti, there is a path u such that 
= p and vi G Ti, and there is a cycle at G Hi{f~^{vt)-, Q) such that ao 7^ and ai = 0. 
Since 

a(r(a, J.)) = (■ ■ ■ , 0, ao, 0, ■ ■ ■ ) e H^{D, Q) = H^{f-\x), Q) 
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this implies the surjectivity of E,{U, D;Q) — )■ Hi(D,Q). Fix paths u' and i'" such that 
u'q = p, u[ = u'l = q e S and Uq e Ti. Fix a' G Q) such that a' goes to a 

nonzero cycle as g — p, and a" G Q) such that a" goes to zero as g — > z/q. 

Since Hi{f~^{q), Q) is an irreducible Q[7ri(S', g)]-module, there is G Q[7ri(S', q)] such that 
= a". Joining r(a', z/'), r(a',(7) and r(a", z/"), we obtain r(a, i/) as desired. This 
completes the proof of Prop J4.2l 

4.3 Explicit computation of regulator on H^^{X, Q(2)) 

We summarize all of the results in ^4.11 and ^4.21 together with Thm J2.1l in the following 
theorem. 

Theorem 4.4 Let us keep the notations as in ^3.71 and \4.2\ Suppose K = C and 7^ (fl 
Then we have 

Ext\Q, m{X)^ (g) Q(2)) = Coker [$ : E{U, Q) — > Hom(FVdR, C)] 

where 



$(A) = 


u 1 — 




, 00 G FVdR 






J A . 





For 7 G Hi{D, Q), choose T G E{U, D; Q) with d{T) = 7. Then 

G Hom(FVdR,C)/Im$. 



reg(7) = ± 


u 1 — 











The point is that "w G -F^ Vdn" is an algebraic differential 2-form, and one can obtain a basis 
of VdR and F^VdR explicitly. Indeed, we embed VdR into Vpp the inhomogeneous de Rham 



cohomology (cf. Prop. 13.31) . Since the Picard-Fuchs operator can be written down explicitly 



(Cor. 16.21 ). one can obtain the basis in a down-to-earth manner (see also ^6.31) . We also need 
to compute a basis of E(f7, D; Q). To do this, we first choose abasis of E(I7, D; Q) /E(f7, Q) 
by computing the boundary map d : E(I7, D; Q) -> Hi{D, Q). To obtain a basis of E(f7, Q) 
we assume that the precision of the values of integrations can be raised as many as one likes. 
Then, by using the basis of VdR together with (14.51) and Prop. 14. 2[ one can prove the linear 
independence of given cycles in E(f/, Q) if they were linear independent. Hence one can 
eventually obtain a basis of E(?7, Q). 

We shall apply the above method to an example in the next section. 

5 Example : + + {3x + it^f 

Let / > 1 be an integer. We consider a minimal elliptic surface 

/ : X — y¥\ f~\t) : 3i/2 + + (3a; + U^f = 



'This seems not to be a serious condition. 
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defined over Q. There is the section e : X of "oo". Write Xc := X XqC. 

The purpose of this section is to compute the real regulator 

regi, : H^^{X, Q(2)) ^ Ext^.MHs(^, H\XU ® M(l))^-=\ 
where H^{X)i^^ := H^{Xc, Q(l))/NS(Xc), especially for an element 

arising from a split multiplicative fiber Di of type Ii. We note that if (/, 6) = 1 then ^d-^ is 
an "integral" element, in the sense that it comes from the motivic cohomology of a proper 
flat regular model of X over Z (see flSchll 1.1.6 for "unconditional" definition of integral 
elements). 

5.1 Basic data of X 

The following is easy to show (the proof is left to the reader). 

• The Hodge numbers are as follows: 

= = 0, h^^ = = , h'' = 10(1 + /i^O). 

3 

In particular, i/|(X)i„d := i/|(X(C), Q)/NS(Xc) ® Q 7^ if and only if Z > 4. (If 
1 < / < 3, then X is a rational surface.) 

• There are (/ + 1) -multiplicative fibers: 

Do ■■= /-^(0)(=type hi), A := /-'(Cr')(=type Ii), 

where (i = exp(27rz//) and 1 < i < I. Moreover Di = /^^(l) is the unique split 
multiplicative fiber. 

• If 3|/, then there is no additive fiber. If (3,/) = 1 then E = f^^(oo) is the unique 
additive fiber (type IV* if / = 1 mod 3, and type IV if / = 2 mod 3). In particular, 
E ^ if and only if (/,3) = 1. 

• NF(Xc) ® Q = NS(Xc) ® Q if and only if / is odd ((Stl Example 4). 
Hereafter we assume (/, 6) = 1. Then 

NFb(Xc)^ = NS(Xc)^ ^ Hl{X)i,d := i/|(X(C), Q(l))/NS(Xc) ® Q. 
Moreover one has 

dimE(f7,Q) ^dimNF(X)^ = /- 1, (5.1) 
dimE{U,D;Q) = (/ - 1) + dim Hi{D , Q) = 21-1. (5.2) 
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5.2 Picard-Fuchs operator and VdR 

Put D = Do + --- + Di,U = X - {D + E),U = X - Band 

KiR = im(r(f7, ^ hUu/k)), = im(r(f/, nl) ^ hI,{u/k)) 

as in §3.1l (in this case U = U"). The Picard-Fuchs operator is 

Q , 1 s. (P 6 , , ^ d 4:1 , ^ 

and letting A = Q[t, — 1))], we have a canonical isomorphism 

VpF ^ CokerfA ^ Arft— ), with PF : f ^ PF*(f)dt—. 

y y 

The subspace VdR C Vpp and the Hodge filtration F'VdR are given as follows (cf. Example 



dx 

Var = {t'~'dt— I 1 < « < / - 1)q (5.3) 

dr / — 1 

F'V^K = {f-'dt— I 1 < z < / - L^J - 1)q (5.4) 

y 3 

dr / — 1 

F VdR = {f~'dt— I 1 < z < L^J )q (5.5) 
5.3 Cycles A and F 

Let 5o (resp. 5i) be the homology cycle in Hi{f~^{t), Z) which vanishes as t — )■ (resp. 
t — > 1). Define A and T to be fibrations over the segment [0, 1] C P^(C) whose fibers are 
the vanishing cycles 5i and 5o respectively. 

AeH2(U,Do]Z), T eH2(U,Di;Z). 

The boundary dA (resp. dT) is a generator of the homology group Hi{Dq, Z) = Z (resp. 
Hi{Di,Z) = Z). 
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t = 



Figure of T 



t = 



t = 1 



Let ri{t) < r2{t) < rs{t) be the real roots of + {3x + Afy for < t < 1. Then one 



has 



positive real number 



y 



dx 



it) ^/x^ + {3x + 4t^y 
purely imaginary number 7^0 



f-^dt— = 2v^ / t^~'dt 



dx 



e M>o. 



T y Jo Jr2{t) Vx3TT3xT4?)2 

Let a : Xq — Xq be an automorphism given by a(x, y, t) = {x, y, (it). Since 

y y 



(5.6) 



(5.7) 
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one has 



*A y Ja y 

This and an elementary calculation show that 

are linearly independent in ¥,{U, Q). Since it is (/ — 1) -dimensional by (15.11) . the above is a 
basis ofE(Z7, Q). E{U, D;Q)/E{U, Q) is /-dimensional with a basis 



r, (j*r, ■ ■■ ,al ^r. 

Let Foo denotes the infinite Frobenius morphism. Then 

Foo(A) = -A, Foo(r) = r. 

Thm J4.4l together with the above results yields the following. 

Theorem 5.1 Suppose (/, 6) = 1. Put h = dimF^VdR = / — [^J — 1 and ( = exp{27ri/l). 
Let 

\ Ja y J l<p<h, l<g<(«-l)/2 

be h X (/ — l)/2-matrix (the entries are real numbers by (15.61) ). Then 

Ex4.MHs(^. H\X)inA ® M(l))^°°=i = Coker[A : M^'-^^/^ — ^ 
and we have 

regM(eDj = ± ( / dt-, ■■■,/" t'-'dt-) e R'/lmA 

under the above isomorphism. 

Corollary 5.2 Suppose (/, 6) = 1. Then 

m^iD,) 7^ G ExtJ,Hs(^. H\X\^A ® M(l))^-=i 
and hence is regulator indecomposable. 

Proof. Put /i = / - L^J - 1 and C = exp(27rz//). Put 

Ip := [ tP-'dt—, Jp := [ tP-'dt—. 

J A y Jt y 

Then 
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if and only if the rank of a matrix 



is maximal. Thus it is enough to show that 



(^M/-l)/2 _ ^-ha-l)/2)4 J^^ 



det 



(^2 _ ^-2) (^4 _ ^-4) 



l)/2 



(5.8) 



7^ (5.9) 



where k = (/+l)/2. Since the sum of the (A;— l)-throw and A;-throw is (0, ■ ■ ■ , 0, Jk-i/h-v 
Jk/h), one has 



m ={Jk-i/Ik-i + Jk/Ik) X detir - C-'")i<p,g<{i-i)/2 



Since Jp/Ip E i^>o by (15.61) and (15.71) . this is non-zero. 



□ 



5.4 Another description of and /p 

When / = 1, / : X — )■ is the universal elliptic curve over Xi(3). Using this, one can 
obtain another description of the real regulator. 

Let q = exp{27riz) and 



n=l yfc|n ^ ^ J 
n=l y k\n ) 



be the Eisenstein series of weight 3 for ri(3), where (|) denotes the Legendre symbol. Then 
and 

dtdx dudq lt^~^dtdx dudq 

I'- = -^lE3,b , —j --, = -t^3,a 

t y u q r — 1 y u q 
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where ''du/u" denotes the canonical invariant 1-form of the Tate curve around the cusp 
z = ioo {t = I). Therefore we have 

r (]x —27 r°° 

/ t^-^dt— = ^ X {27iif / t^Esb{z)dz (5.10) 

Ja y i Jo 

/ t'-^dt— = ^ X (27rz)2 / t^E:,i{z)zdz. (5.11) 
Jr y Jo 

On the other hand there are formulas 

ra^<i'^^7^'^'- 2^^3^(l^)-3V3.3^3„W (5.12, 

on the Eisenstein series. Applying (15.121 ) to (15.101 ) and (15.1 II) . we have the following theo- 
rem. 

Theorem 5.3 Put c := exp(— 27r/-y3) = 0.026579933 • • •. Define rational numbers an{j) 
and hn{j) by 



n=l 



E- 



E- 



3b 



3a 



^q{E3a + 27^36) 



j/l oo 
n=0 

■j 



387 J 225 /j 



1+1-9-15^ ,+ 27. ^ , . 



oo 



n=0 \ 



+ 



V3 



J /I 27r{n + j/iy 



n=l ^ * ' n=0 



n + i/V 



Then we have 



to-^dt— = / t^-irft— = -—J{j) 

y I Jr y !■ 



forl<j <l-l. 
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This is useful since the series I{j) and J{j) converge rapidly 



Example 5.4 Suppose / = 5. Then X is a K3 surface. By Thm l5.3l one has 







■m 


J = l 


0.42745977255318 


0.214998778914541 


J = 2 


0.151180954233147 


0.154831831238613 


J = 3 


0.0871841692346256 


0.130967280361779 


J =4 


0.0603840144077692 


0.116576757544694 



Since this is 1 -dimensional, this has the canonical base Cind.Q (up to Q^) and a different base 
efidfQ (iMl). With respect to ef^J^^, one has 



z{e-C-')I{2) z(C^ - C-^)J(2) J(2) 
^{e-C-')I{3) z(C6 - C-6)/(3) J(3) 



mod 



Since s = (/ - l)/2 = 2 and det //^^(X/Q)^ ® [det 



CjindJ 



1-1 



(C:=exp(27rz/5)). 
-\/5 one has 



z(c-r^)/(i) z(c^-c-W) ^(1) 

z(C2-C-')/(2) z(C^ - C-^)/(2) J(2) 
2(C^ - r=')J(3) ^((6 - C-^)/(3) J(3) 



^±5v/5/(l)/(2)/(3)(|l.|l) 
= 0.159139061341585 mod Q"" 
with respect to Cind.Q by Prop J2.2[ 

Example 5.5 Suppose / = 7. Then h^°{X) = h°\X) = 2, h^^X) = 30. 







Aj) 


J = l 


0.740059830730164 


0.259822532138057 


J = 2 


0.24646699651114 


0.179959563808791 


J = 3 


0.137265313181901 


0.150366403148913 


i = 4 


0.0929578147374374 


0.133576277272453 


J = 5 


0.0696363855176379 


0.122069272279075 


j = 6 


0.0554349861351089 


0.11332167027564 



Ex4-MHs(K,^'Wind®M(l))^ 



Coker(M' 



3 ^, 
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Since s = (/ - l)/2 = 3 and det if|j^(X/Q)ind ® [det 



CjindJ 



-7, one has 



— u ^ ^ 



TT' 



z(C-C-^)/(i) ^(C^-C"')/(i) 2(C^ 

z(C^ - C-^)J(2) z(C^-C-^)/(2) z(C« 

z(c^ - r=^)/(3) z(c6-c"6)/(3) z(c9 

^(C^ - C-^)J(4) z(C8-C-«)/(4) z(C^2 
J(3) J(4)\ 
J(3) ^ /(4) ; 



±49/(l)J(2)/(3)/(4) 



r^)/(l) J(l) 

r^)/(2) J(2) 

C"^)/(3) J(3) 

C^^^)/(4) J(4) 



0.288802269779652 mod 



(C := exp(27r^/7)) 



with respect to the canonical Q-structure eind,( 



Remark 5.6 According to the Beilinson conjecture, reg]g(^Dj) in Example \5.4\ or l575\ is ex- 
pected to be the value of the L-function Lih^^X)^^^, s) at s = 1 {^). 



6 Appendix : Gauss-Manin connection and Picard-Fuchs 
operator 

Let R be an integral domain of characteristic in which 6 is invertible. For a smooth scheme 
Y over T, we denote by f2y^^ = A^yfiy^^ the sheaf of relative differential g-forms on Y 
over T. If T = Speci?, we simply write VLy = fiy//j- 

6.1 Explicit formulas 

Let S be an irreducible affine smooth scheme over R of relative dimension one. Let g2,g3 € 
ffg(S) = r{S, Gs) satisfy gl - 21 gl e Gs{SY- Let / : [/ ^ 5 be a projective smooth 
family of elliptic curves whose affine form is given by a Weierstrass equation = Ax^ — 
g2X — gs. More precisely letting 

Uo = SpecGsiS)[x,y]/{y^ - Ax^ + g2X + gs), 

Uoo = SpecGs{S)[u, z]/{z - Au^ + g2uz^ + g^z^), 

U is obtained by gluing Uq and Uoo via identification u = x/y, z = 1/y. Let e : S — U 
be a section given by (m, z) = (0, 0). We shall write down the Gauss-Manin connection (cf. 
El Ch.III, §4) 

V : Hl^{U/S) ^ Hl^{U/S) ® Q], 

(we use the same symbol "^25" for r(S, Qg) since it will be clear from the context which is 
meant). To do this we fix a description of the Cech cohomology H^j^iU / S) := H''{U, ^^^g). 
We write 

C'°(^) := r{Uo, ^) © r{Uoo, c\^) ■.= r{Uo n f/oo, ^) 
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for a (Zariski) sheaf ^ . Then the double complex 



5 



u/si 
s 



(xq, Xqo) ^ {dxQ, dxc 



u/si 



gives rise to the total complex 



C'{U/S) : C\ffu) ^ C\ 



of i?-modules starting from degree 0, and the cohomology of it gives the de Rham cohomol- 
ogyH-^iU/Sy. 

Hl^{U/S) = H^{C'iU/S)), q > 0. 
Elements of Hlj^{U/S) are represented by cocycles 

(/) X (xo, Xoo) with df = xo- Xoo- 



Theorem 6.1 Suppose that Qg is a free i^s-f^odule with a base dt G r{S, Vl\). For f e 
^siS), we define f G &s{S) by df = f'dt. Let 



a;:=(0)x( — ,— ) 

y y 

x^ , xdx {2g2x'^ + 3g3x)dx . 



be elements in H\^{IJ / S). Put IS. := — 27 g^. Then we have 



A 12A 

A' , , ^2(2^2^3-3^3^2) 



-u + 



uj)0dtE Hl^{u/s)®nl. 



12A ' 16A 
Note that cu and cu* are basis of the free ^(S')-module iJ^^ {U /S): 

Hl^{U/S) = &s{S)uj®ffs{S)uj\ 
Put := R^f^VLli^ and 



(6.1) 
(6.2) 

(6.3) 
(6.4) 
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The Gauss-Manin connection induces the following diagram 





(6.5) 



M' — ^ 

M' — ^ ® ^\ 


Let 

V : ^1'° ® fi^ (6.6) 

be the ^^-linear map induced from the Gauss-Manin connection V. Let 5*° C 5* be a Zariski 
open set such that V is bijective on S" (cf. Prop J6.3l) . Then (16.51) gives rise to an exact 
sequence 

KerVlso — > ^^%o ® — ^ CokerV^o — ^ (6.7) 
and the natural map KerV|5o — )■ ^^'^\so is bijective. Hence we have an exact sequence 

> r{S°,J€"^'^) r(5°,^i'0®fi^) y r(5°,CokerV) > 

(6.8) 

The map PF in (16.81) is called the Picard-Fuchs operator. 

Corollary 6.2 Suppose that Q}go is a free iff s°-f^odule with a base dt G F{S°, Q^o). Write 
fdt = dfforfe ff{S°). Put 



3(2^2^3 - 3^2^3) 
48 V 2^2^3-3^2^3 V2^2^3 - 3^2^37 / ' 

Then the Picard-Fuchs operator is described as follows. 

PFifu*) = if" A + fit) A' + fB)uj 0dt, fe ^(5°) 

Cor. 16.21 follows from Thm. I6.1l by a direct (but rather long and tedious) calculation. The 
details are left to the reader. 

The following is also straightforward from Thm. 16.11 
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Proposition 6.3 The ^5-/mear map (16.61) is described as follows. 



In particular, noting 



1 = 27.^ 2,2^7^-3,^,3 1728,f 



J " 92 A ' - ■ ,2^-27,i' 

(16.61) /i' bijective if and only if 

93 J 

is a base of s-module. 

6.2 Proof of Theorem O 
Lemma 6.4 

(^)x(0,0)^(0)x(0,c/(^)) (0<z<j) 
(^) X (0, 0) = (0) X (0, d[^)) = (0) X (0, (-1 - 1^ - |f )^) 
(i) X (0, 0) ^ (0) X (0, d{-)) = (0) X (0, -^^f + 92 dx 

y y ^y^ y 

(y) X (0,0) = (0) X i-dy,0) = (0) x (^lzi^^,o) 

2 1/ 

where "=" denote modulo lmC^{^u). 

Proof. Straightforward from the definition. □ 

Lemma 6.5 Let rju be the generic point ofU. We think ofdx and dt as elements in r{rju, fi^). 
Then 

n T 

— er{u^Mu). (6.9) 
y 

dx dx (6,2X2 -9,3X-,^)(,2X + ,3)c/t 1 

— := T e 1 [Uo,iljj). (6.10) 

y y A y 

Proof. 

— = du ((12n — ,2^; )au — \lg2uz + 3,32; )az — (,2^*2; + ,3^ )at) 

y ^ 

Vlv? 

= du mod r{Uoo,i^lj) 

„2\ 



-3(1 + g2uz + ,32; )rfM 
mod r{Uoo,^lj)- 
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Hence (16.91 ) follows. Next we show (16.101) . Since f{x) = Ax^ — — is prime to 
f'{x) = 12x^ — g2, there are a{x) and b{x) such that 

a{x)f{x) + b{x)nx) = l. 

Explicitly, they are given as follows. 

9(35(3 - 2g2x) Qg2X^ - 9g3X - gj 
«W = X ' K^) = X • 



Now 



dx a{x)f{x)dx + h{x)f\x)dx 

y y 

a{x)y'^dx + b{x){2ydy + {g'2X + g'^)dt) 

y 

= a{x)ydx + 2h{x)dy + MM^±^rft G r{U^ n U^, 



and hence we have 



dx dx b(x)(q'nX + q'n) , , . , ,/ n , ^/^^ ^1 x 
— = — - ^-^^ —dt = a{x)ydx + 2b{x)dy G r{Uo, 



Let us prove (16.31 ). Let 



y y 



be a lifting of a; where — is as in (16.101) . Let 



□ 



be the double complex and 

D ■ (a, P) ^ (-da + 5(/3), 
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the associated total complex. It gives the de Rham cohomology H'^^ (U). Now 
^ _ ,dx dx. , , / dx\ dxdy. 

y y \y J y^ 

(65(2x2 - 9g3X - gl){g2X + 9'z\^\ x {d ' 



y^ J \ y y 



,2 



where 



/r^^N /r^ ^^^^ dtdx 
= {Fdt) X (Gi ,G2 ) 

y y 
e C\ffu) (S)nl® C^fi^/s) ® ^5 



p (3(73^?2- 2^2^73) ( 18x2 - ^92) - A'x - 3g2g'2y' 



6yA 

-18^2^2^^ + (9^352 - 652^3)^ + 2^i^2 - 9^3^3 



Go 



2A 

(^2^^ + ^3) 

2y2 • 



This means 



V y y J 



Moreover by using Lemma |64] we get 



( (F) X (Gi — , G2 — )1 ® rft = f {F') X (G;— , G' — )1 ® dt mod ImG° 

V y y J \ y y J 



-3{2g2g', - Sg^g'^) . A' 
A ^ +12A'^ 



where 

,/ ._ 953^2 - 652^3 



F' : 

G[: 

G', 



A y 

A^ + 18(3(^3^^2 - 2^7253)^ 
12A 

_ y^A' + 3x(x(72 + 18(?3) (3^7^^73 - '^929'^) 



12?/2A 

This completes the proof of (I6.3I I. 

Next we show (|6.4I) . The proof goes in the same way as above. Let 

y 2 y 2y^ 
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be a lifting of w*. Then 

V ^2/^ 2 y 2y3 J 1^2 y J ' V 22/3 

fjnf rjnf 

= {Fdt) X {Gi—dt, G2—dt) G ® © c\n\j,s) ® 

where 

2 

hi = -3^^^' - 92x{2g2g'^ - 3^3^2) - ^2^2 + 36^|^2 - %2^3^3 

^2 = -fl'25'2a; - ^glg'^x^ - 929392 + '^^9^9192^ + lOS^flsfgX^ + TJglg2 
{-^9292^ + 9fi'3fl'2 - ^929'^)y* + ^ly^ + h2 



G2 



8y^A 

-30g2g'2x' + iAglg'2 + 9(?3^?3)^ + 9x^(3^3^^2 - 2^2^^) + 2gig'^ 

4A 

6^2^22;^ + 4^2^^y^ + (9^3^2 + %2^3)^^ + 6^3X?/2 + ggsg'^x 



%4 



By Lemma [6741 again, we get 



(F) X (Gi — , G2 — )1 ® rft = f (F') X (G;— , G'2— ) ) ® dt mod ImG°(^c;) 

y y J V y y 



A- ^.^^2(2^2^^-3,3^-)^ 



where 



— 9 



12A 16A 

A' x2 



12A 2/ 

2xA- + 3(/2(2(/2,3- 3,^,3) 
48A 

-x{4g2X + 6,3)A- + 3(2,2^3 " 3,3^2)^2?/' 
48A2/2 



This completes the proof of (I6.41 ). 



6.3 Hodge filtration 

Let X and C be smooth projective varieties over R of relative dimension 2 and 1 respectively, 
and / : X — > G a flat surjective morphism with a section e : C X such that the general 
fiber of / is an elliptic curve. We assume that the following conditions hold. 

(Hdgl) There is a closed subscheme T C G which is finite etale over R, such that / is smooth 
overs := G-T. 
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(Hdg2) Put D := f-\T) and U := X - D. Then L>,cd is a relative simple NCD over T. 

(Hdg3) The multiplicity of any irreducible component of D x ^ x is invertible in R for any 
geometric points x — Spec/?. 




Put 

m^iiX.D)) :=H^iX,n'^{logD)). 
Let K is the fraction field of R. Then one has 

D)) ®nK^ HI^{Uk/K) := ifi,(f/,,, n^^/^). 

Let us denote the Hodge filtration by F'Hl^{{X, D)): 

Fmi^{{X,D)) := H\X,n'^^{\ogD)) ^ H%X , Q'^log D)) . 

Define the sheaf ^l\^fj(\og D) by the exact sequence 

— ^ r^U^ogT) l^^(logZ^) ^ n\:ici}ogD) — > 0. 

This is a locally free sheaf of rank 1 due to the condition (Hdg3). Put 

:= R'f.n'^/c{\ogD), := /,fi^/^(log ^."'^ := 

As is well-known, the Gauss-Manin connection is extended to J^: 

V : Mi — > Me®^c{}ogT). 



Theorem 6.6 (cf. HSZll §5) There is the natural isomorphism 

Hl^{{X,D)) = H\C,M', M',®n\.{\ogD)) © {e{C))R (6.11) 

where (e(C))/j denotes the sub R-module generated by the cycle class of e{C). Moreover 
the Hodge filtration corresponds in the following way. 

F'Hl,{{X,D)) - ^ M,®n\,{\ogT)) © {e{C))a (6.12) 

F'Hl^{{X,D)) = jr/'O® fii,(logT)) (6.13) 

Gt%H!^{{X, D)) = HUC, ^e°'') (6.14) 
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Proof. An exact sequence 

^ n'^^^iXogD) ® rn'cilogT) n-xi^ogD) ^ n-^/ci^ogD) ^ O (6.15) 
gives rise to a spectral sequence 

= H^,^{C,R^f.n^/ai^ogD)) =^ H^^,^\{X,D)). 

This yields 

^ Hl^iCJ^,) Hj^i{X,D)) ^ H'^^iCR'm-^/ci^ogD)) 0. 

Since the last term is generated by the cycle class of e(C), we have (16.111) . On the other hand 
(16.151) induces an exact sequence 

n'^~l^^~\\ogD) ® rn'ci^ogT) nf^ilogD) nff^{\ogD) 

and this yields 

R'mf^lihgD) ^ R'f^nffj'ihgD) ® ni,{\ogT)) 



HlAX.n%{\ogD) ^ nff-\\ogD) ® rmogT))^^HUX,Qf^{logD)) 
Now (16.121) . (16.131) and (16.141) easily follow from this. □ 

Example 6.7 When C = P)j, one can compute the Hodge filtration F'Hl^{{X, D)) in the 
following way. Let 





b 


2 


3 


4 


6 + 6 


10 


9 8 




smooth I;, 


II 


III 


IV 




IP 


IIP IV* 



and put 



e:=^ J2 epGZ (6.16) 
Pec(K) 



where K is the fraction field of R and K denotes its algebraic closure. The canonical bundle 
formula says 

Kx = riK^i ® ^pi(e)) = r^pi(e - 2), = ^pi(-e). 

Let r (resp. s) be the number of additive fibers (resp. multiplicative fibers) in the fibration 
/ : Xj^ —J- Cj^. Then one can show 

jr/'O ^ ^pi(e - r), ^ ^pi(-e). (6.17) 
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Let us see the image of F' H^^({X , D)) into the in homogeneous de Rham cohomology 
H\^{S°, M'). By replacing 5*° with a smaller open set, we may assume that U" := f~^{S'') 
has a Weierstrass form y"^ = — — g-^. We use the same notations as in the beginning 
of Appendix. Let t be a coordinate of an affine space C Fix P e F^{R) \ S°{R). Put 
Oso = r{S°, ffs") and 

O^o := Im(r(P\ ^pi (mP)) — y r{S°, ^s^mP)) = Oso) 

where we think of ^pi (mP) to be the subsheaf of the constant sheaf of rational functions on 
P^. Then there is the natural isomorphism 

Hl^iS", Jif) ^ Coker(05o ^ Ogo ■ 00 A dt). (6.18) 
Let 6{t)dt be a base of the image of the following map 

R ^ P(pi, ^pi((2 - r - s)P) ® fi^i(logT)) ^ r{S", n\o{\og{T n S°))). 
Moreover let u{t)ijj and v{t)ijj* be a base of the image of the following maps 

R ^ P(pi, ^pi((r - e)P) ® ^Z'") — ^ P(5°,^/'°) = Osou), 

R ^ P(pi, ^pi(eP) ® ^ r{S°, Jiff'^) = Osou*) 

respectively. Then, under (OST) . the image of the inclusion F'^Hj^{{X, D)) H^b.^^", 
is equal to 

Off-'^ ■ u{t)uj ® ^(t)c/t. = 0^t""^M(t)^(t) ■ w ® rft. 

Let us see the image of F^Hl^{{X, D)). Since iJ^(P\ ^pi(e - r)) = 0, the natural map 
r{F\ M'e ® fi^i(logr)) H\C, e^i'° -> ^ ® f]^(logT)) is surjective. Let us see the 
image of 

P(P\ J^e nJ,i(logT)) — y Hl^{S", JT) = Coker(05o O50 ■ w ® dt). (6.19) 
To do this, we first note that 

f{t)v{t)cu* ® 9{t)dt - V [f(^M^)(^(^) _^^2g,gt-3g3g',) '') ^^'^^^ 
belongs to P(P\ ® Ql^{\ogT)) (PropQ- More explicitly 

Therefore the image of (16.191 ) is generated by (16.211 with /(t) e O^'"'"'""^''"^ and 

g{t)u{t)uj ® e{t)dt (6.22) 

with ^(t) G O^t'^l 



35 



References 



[AS] Asakura, M. and Sato, K.: Chern class and Riemann-Roch theorem for cohomology 
without homotopy invariance. (preprint). 

[CDKL] Chen, X., Doran, C, Kerr, M. and Lewis, J.: Normal functions, Picard-Fuchs 
equations and elliptic fibrations on K3 surfaces, (preprint). 

[G] Gillet, H.: Riemann-Roch theorem for higher Algebraic K -theory. Adv. Math. 40 
(1981), 203-289. 

[GL] Gordon, B. and Lewis, J.: Indecomposable higher Chow cycles on products of el- 
liptic curves. J. Algebraic Geom. 8 (1999), no. 3, 543-567. 

[H] Hartshome, R.: On the De Rham cohomology of algebraic varieties. LH.E.S. Publ. 
Math. No. 45 (1975), 5-99. 

[R] Ramakrishnan, D.: Arithmetic of Hilbert-Blumenthal surfaces. In Number theory 
(Montreal, Que., 1985), 285-370, CMS Conf. Proc., 7, Amer. Math. Soc, 1987. 

[S] P. Schneider: Introduction to the Beilinson conjectures. In Beilinson's Conjectures 
on Special Values of L-Functions (M. Rapoport, N. Schappacher and P. Schneider, 
ed). Perspectives in Math. Vol.4, 1-35, 1988. 

[Sch] SchoU, A.: Integral elements in K -theory and products of modular curves. In The 
arithmetic and geometry of algebraic cycles (Banff, AB, 1998), 467-489, NATO 
Sci. Ser. C Math. Phys. Sci., 548, (2000). 

[Si] Silverman, J.: Advanced topics in the arithmetic of elliptic curves. Grad. Texts in 
Math. 15, New York, Springer 1994. 

[AEC] Silverman, J.: The Arithmetic of elliptic curves. Grad. Texts in Math. 106, Springer 
2009. 

[St] Stiller, P.: The Picard numbers of elliptic surfaces with many symmetries. Pacific J. 
Math. 128, 157-189(1987). 

[SZ] Steenbrink, J. and Zucker, S.: Variation of mixed Hodge structure. I. Invent. Math. 
80(1985), no. 3,489-542. 



36 



